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Abstract 

Matrix elements of a two-body interaction between states of the 
j n configuration (n fermions in the j-orbit) are functions of two-body 
energies. In many cases, diagonal matrix elements are linear combina- 
tions of two-body energies, whose coefficients are rational and positive 
numbers. It is shown that if in the j n configuration there is only one 
state with a given spin J, its eigenvalue (the diagonal matrix element) 
has rational and positive coefficients of two-body energies. The sit- 
uation in cases with several J-states in the j n configuration is more 
complicated and is discussed in detail. States with this property are 
identified and constructed. In particular, the relevance to states in 
the seniority scheme is shown. 

1 Introduction 

A system of n identical fermions in a given j-orbit is considered. Such j n con- 
figurations of protons or neutrons occur, for instance, in the shell model. Any 
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configuration contains a certain number of fully antisymmetric independent 
states allowed by the Pauli principle. We consider shell model Hamiltonians 
which contain mutual interactions between the particles. The interactions 
considered are rotationally invariant and hence, eigenstates of the Hamilto- 
nian have definite values of angular momentum J. The mutual interaction is 
considered to be a perturbation. Hence, only the sub-matrix of the Hamilto- 
nian defined by the states of the j n configuration is taken into account. The 
states considered here are the states which define this sub-matrix. 

If there is only one state with given J in the j n configuration, it is an 
eigenstate of the sub-matrix of the Hamiltonian. Its eigenvalue is given by 
the corresponding diagonal element of the sub-matrix. If there are several 
independent states with the same value of J, they define a smaller sub-matrix 
whose diagonalization yields the eigenstates for a given mutual interaction. 
If two-body mutual interactions are considered, elements of the Hamiltonian 
sub-matrix of the j n configuration are functions of two-body matrix elements. 
Due to the rotational invariance of the interaction, the only non-vanishing 
two-body matrix elements are between two-body states with the same value 
of J. Thus, these two-body matrix elements are the energies of the two-body 
configuration. 

In a recent paper [1] , Zamick and Van Isacker consider partial dynamical 
symmetries of certain states of the (9/2) 4 configuration. They used their 
results to calculate also the energies of the J = 2 and J = 4 states of the 
(7/2) 4 configuration. They express these energies as linear combinations of 
two-body energies and in their arXiv: 0803.1569vl (nucl-th) version they 
"note that this derivation constitutes a proof that the coefficients... in the 
energy expression... must be rational numbers". 

This feature is quite general. There are many cases where diagonal matrix 
element in j n configurations are linear combinations of two-body energies 
whose coefficients are rational and positive numbers. This feature has little 
relevance to numerical calculations but it still has theoretical interest. The 
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aim of this paper is to study this property of states, to find the cases in 
which diagonal elements are linear combinations of two-body energies whose 
coefficients are positive rational numbers. 

There is a simple way to calculate the diagonal matrix elements of a 
two-body interaction in a system of n fermions in a j-orbit. It is based on 
the use of m-scheme wave functions. These are determinantal wave func- 
tions characterized by a set of quantum numbers m 1 ,m 2 , . . . , m n , which are 
all different. These wave functions are discussed in great detail in ref.[2] 
where matrix elements of a two body interaction between such states are 
derived. It was shown there that diagonal matrix elements are equal to the 

< T r n i m k \V\m i m k > where the summation is over all pairs of m- values in 
the state considered. 

Matrix elements of a rotationally invariant two-body interaction between 
m-states with given total M = J2 m i form a sub-matrix. Its trace is equal to 
the sum of diagonal elements taken between all states with given M. States 
of the j n configuration with given values of J and M, J > M, are linear 
combinations of these m- states. The linear transformation, from m-states 
to states with definite J and M, is unitary or rather orthogonal. Hence, the 
trace of the sub-matrix is invariant and may be used to calculate diagonal 
matrix elements of a rotationally invariant, M-independent interaction in the 
J- scheme. 

Subtracting the trace of the M = J — 1 sub-matrix from the one of 
J = M, yields the sum < j n aJ, M\V\j n aJ, M > where a characterizes 
the state if there are several states with given J in the j n configuration. 
If there is only one such state, this procedure yields its interaction energy. 
Otherwise, only the sum of energies of all states with given J is obtained. 
This case will be discussed in detail in the following. The diagonal matrix 
elements in the m- scheme may be expressed in terms of matrix elements of 
two particles coupled to a given J value. The two-particle matrix elements 
in the m-scheme may be transformed by using Clebsch-Gordan coefficients 
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as follows. 

< mimk\V\mimk >= 

^2<j,m i ,j,m k \j,j,J,M = m i + m k > 2 < j 2 JM\V\j 2 JM > (1) 

Since the m-states in (1) are antisymmetric, the sum on the r.h.s. of (1) 
is only over even values of J (states of two fermions with odd J values are 
symmetric). Thus, the coefficients of the V(J) =< j 2 JM\V\j 2 JM > in the 
diagonal elements in the m-scheme are equal to sums of squares of Clebsch- 
Gordan coefficients. From formulae for these coefficients (e.g. (15.36), ref. [2]) 
it is seen that their squares are rational functions of their arguments. These 
arguments are the 3 J-values and 3 m-values. 

Thus, the sum < j n aJ, M\V\j n aJ, M > is a linear combination of 
two-body matrix elements V(J) =< j 2 JM\V\j 2 JM > which are indepen- 
dent of M, whose coefficients are rational and positive numbers. If there 
is only one state with given J in the j n configuration, it has the "rational 
property" considered here. Its eigenvalue of a two-body interaction is a lin- 
ear combination of the V(J) with positive rational coefficients. If there are 
several such states, it was shown above that this property holds only for the 
sum of their diagonal elements. It will be shown in this paper which of these 
states has this property. It will also be shown below, that in such cases, not 
any arbitrary state may have this property. 

States in the j n configuration with given J must be considered individ- 
ually. This may be achieved by using coefficients of fractional parentage 
(c.f.p.), introduced by Bacher and Goudsmit [3] and intensively applied to 
atomic spectra by Racah[4]. An antisymmetric wave function with n particles 
and given J may be expanded as 

i,{j n aJ) = S[j"- 1 (6J 1 )jJ|}j"aJ]^(j ra - 1 (6Ji)j„aJ) (2) 

In (2), a and b are used to specify uniquely J and J± states if there are several 
of them. The wave functions on the r.h.s. of (2) are fully antisymmetric 
functions of particles 1 to n-1. They are usually not antisymmetric in all n 
particles but their linear combination in (2) is. 
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Using the expansion (2), matrix elements in states of the j n configuration 
may be expressed in terms of those in the j n ~ l configuration. Due to 
the full antisymmetry of (2), it is possible to calculate matrix elements of 
T,Vik for i,k < n whose number is (n-l)(n-2)/2 and multiply the result by 
n(n-l)/(n-l)(n-2)=n/(n-2) to obtain the full value of the matrix element. 
This leads to 

< f l a n J\m k \f l b n J >= 

n/(n-2) [j n -\a n ^J l )jJ\}j n a n J}[j n -\b n ^J l ) J J\}j n b n J]^ 

< f^a^Jiimklf-X-iJi > (3) 

Using c.f.p. the matrix elements in (3) may be further reduced to those in the 
j n ~ 2 configuration and so on until the j 2 configuration is reached. A direct 
result of (3) follows if there is only one state with given J in the configurations 
involved. Then, diagonal matrix elements have the property considered here 
if the squares of the c.f.p. are rational numbers. Since this was proved above, 
the case with several states with the same value of J should be considered. 
This will be carried out in the following, starting with the simple case of n—3 
and proceeding to higher n values. 

2 A simple case: the j 3 configuration 

A state with given J may be obtained by starting from a principal parent 
with given J in the j 2 configuration, coupling to it j 3 and antisymmetrizing 
the function vp(j 2 ( Jq)jzJ). If the resulting state is allowed, the wave function 
does not vanish and its c.f.p. are given by (e.g. (26.11), ref.[2] or (15.10), 
ref.[5]) 

[jVi)jJ\}jVo}J} = 

N(J , J)[<f(Ji, J ) + 2[(2J + l)(2Jx + l)] 1/2 {jj Ji/JjJo}} (4) 
where the normalization factor is given by 

N(J , J) = [3 + 6(2J + J /Jj Jo}]' 1 / 2 (5) 
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and {abc/def} are 6j-symbols (Racah coefficients). The c.f.p. of the principal 
parent is obtained by putting J x = Jo in (4). Then from (5) follows the special 
n = 3 case of the identity proved in ref . [2] , 

nN(J ,J)[f(J )jJ\}f[J ]J] = l (6) 

To find the properties of the c.f.p., it is worth while to look at the form 
of the 67-symbols. When Racah introduced these symbols [6] (in a slightly 
different form and symmetry properties), he also derived a closed formula of 
them in terms of their 6 arguments. In (15. 38), ref. [2], it is expressed as 

{abc/def} = A(abc)A(aef)A(dbf)A(dec)R(abcdef) (7) 

where 

A{abc) = [(a + b-c)\(b + c-a)\(c + a- b)\/(a + b + c + 1)!] 1/2 (8) 

and R is a rational function of the 6 arguments. Hence, the square of a 
6j-symbol is a rational function of its arguments. If a state obtained by 
antisymmetrization is not allowed by the Pauli principle, the wave function 
vanishes. This always happens for states with J=3j-4 or J—\- The unnor- 
malized c.f.p. all vanish due to the properties of the rational function in(7). 
From (7) and (8) follow some simple properties of 6j-symbols, like 

{jjJo/JjJo} = A(jjJ ) 2 A(JjJ ) 2 R(jjJ JjJ ) (9) 

From (9) follows that the c.f.p. of the principal parent, with J\ = J , is a 
square root of a rational function of j, Jo and J. This is true also for the 
normalization coefficient (5). Therefore, also the other c.f.p., with J 1 ^ J , 
share this feature since their squares are equal to 

4iV(J , J) 2 (2J + l)(2Jx + J x /J,3, J } 2 (10) 

Thus, the squares of the c.f.p. of a state obtained by antisymmetrization of a 
principal parent are rational functions of the angular momenta. Hence, due 
to (3), such states have the property considered here. Their eigenvalues of a 
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two-body interaction are linear combinations of the V(J) =< j 2 J\V\j 2 J > 
with coefficients which are positive rational numbers. For n=3, the relation 

(3) yields directly these linear combinations as follows 

< j 3 aJ\YV ik \j 3 aJ >= 

SnfWjJ^faJ^f^jJ^faJjKfj.lVlfJ, > (11) 

If there is only one state with given J in the j 3 configuration, the proof 
that it has the property considered, is complete as already shown in the 
preceding section. In that case, starting with all possible principal parents, 
those with Jo which can yield J when coupled with j, the same state is 
obtained after antisymmetrization (with a possible change of overall sign). 
If there are several states with given J in the j 3 configuration, they may 
be constructed by antisymmetrizing several principal parents. The diagonal 
matrix element of each of them is given by the relation (11). Still, the states 
obtained in this way need not be orthogonal. It will be shown now that 
states obtained in the orthogonalization procedure have also the property 
considered. 

The orthogonalization of states with the same value of J constructed from 
principal parents is simplified by the following property of such c.f.p. Due to 

(4) , they may be expressed, for J\ ^ J , as 

[jVi)jJ\}jVo]J] = 

N(J , J)2[(2J + 1)(2 Jx + 1)] 1/2 {jjJi/JjJo} = 

N(J )(2J + l)V 2 A(jj J )A(Jj J )(2J 1 + ly/'AijjJjAiJjJjR (12) 

where N(J ) = N(J , J) (also in the following) and R = R(jjJiJjJo)- Thus, 
these c.f.p. are products of a rational function which multiplies a term which 
depends only on J and another one which depends only on J\. The latter 
term is the same for all states with various values of J . 

To make a state \b > orthogonal to a given state \a >, the latter multiplied 
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by < a\b > should be subtracted from the former. The orthogonalized state 

\b' >= \b > - < a\b > \a > (13) 

should then be normalized. Using c.f.p., the scalar product of the two states 
is given by 

< j n aJ\fbJ >= ^jAf-^^J^jJljfaJ^f-'ia^jJljrbJ] (14) 

The state \a > is taken to be constructed from the principal parent ip{j 2 {Jo)jzJ) 
and the \b > state from -?/>(j 2 ( Jq)j 3 J). Making use of the c.f.p. (4) we find 
that every term in the summation in (14), for J ± ^ J , J ± ^ J' is given by 

N(J )N(J' )2[(2J + l)(2Ji + l)] 1/2 {jj Ji/Jj Jo}x 

2[(2J + l)(2Jx + l)] 1,2 {jjJi/JjJ' G } (15) 



From the properties (7) of 6j-symbols follows that the product of the two 
of them in (15) can be expressed as 

{././•/,/•/./•/„){././•/,/•/./•/,',) = A(jjJ 1 )A(jjJ )A(JjJ 1 )A(JjJ )x 
A(jjJ 1 )A(jj4)A(JjJ 1 )A(JjJ^)R(jjJ 1 JjJ )R(jjJ 1 Jj4) = 
A(jjJ )A(JjJ )A(jjJI ) )A(JjJ^A(jjJ 1 ) 2 A(JjJ 1 ) 2 x 
/,'(./././,.//./„)/,'(./././,.//./,',) (16) 

Due to the form (7) of 6j-symbols, the r.h.s. of (16) may be expressed as 

(jjJ /Jj4/R(jjJoJjJo))^UjJi) 2 A(JjJ 1 ) 2 x 

R(jjJiJjJo)R(jjJiJjJo) (17) 

This expression is a 6j-symbol multiplied by a rational function, R( Ji). Thus, 
every term in (14) becomes equal to 

4N(J )N(J>)[(2J + 1)(2J + l)} 1/2 {jjJ /jjJ^}x 

(2J 1 + 1)R(J 1 ) (18) 

The summation of terms with values of J± different from J' and from Jo ma y 
now be carried out and yields a rational function multiplying 

N(J )N(J^[(2J + 1)(2J + 1)] 1/2 {jjJ /jj4} (19) 
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The term in (14) with J 1 = J is equal to 

N(J )N(J' )[1 + 2[(2J + 1)(2J + 1)] 1/2 {jj Jq/Jj J }]x 

2[(2Jj + 1)(2J + l)] 1 / 2 ^ J /Jj Ja (20) 

Due to the properties of 6j-symbols (7), this expression is equal to a rational 
function multiplying the expression (19). Also the term with J x = Jq is equal 
to (19) multiplied by a (different) rational function. Thus, the summation in 
(14) yields a rational function multiplied by the factor (19). 

To obtain the state which is orthogonal to the one characterized by Jq , 
eq.(13) is used. The unnormalized c.f.p. of that state are defined by 

N(J^)[S(J 1: 4) + 2[(2JJ + l)(2Jx + 1)] 1/2 {jj Ji/Jjf }]- 

N(J )N(J )[(2J + 1)(2J> + l)^ 2 {jjJ /jjJ }x 

iV(J )[<J(Ji, J ) + 2[(2J + l)(2Jx + l)] 1/2 {jj Ji/Jj Jo}]i? (21) 

where i? is a rational function. In the case that J\ is different from J and 
Jo, (21) assumes the form 

N{J' )2[(2J' G + 1)(2J! + l)] 1/2 {jjJi/JjJo}- 
N(J )N(J^)[(2J + 1)(2J^ + l)] 1/2 {jjJ /jjJo}x 

N(J )2[(2J + l)(2Ji + 1)] 1/2 {jj Jx/Jj Jo}/? (22) 

In (22) there are several square roots which appear twice. The product of 
two 6j-symbols is equal, according to (16) and (17) to {jjJi/jjJb} multiplied 
by a rational function. Hence, the unnormalized c.f.p. of the orthogonalized 
state, given by (22) are equal to the original c.f.p. multiplied by rational 
functions. 

In the case J\ = Jo, that c.f.p. is equal to 

N{J' )2[(2J' Q + 1)(2J + 1)] 1/2 {J3 J /Jj Jol- 
N(J )N(J^)[(2J + 1)(2J + 1)] 1/2 {jj Jo/jj J^x 
jV(J )[l + 2[(2J + 1)(2J + 1)] 1/2 {jj J G / J J J }R (23) 
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In (23), N(J ) 2 [l + 2[(2J + l)(2J + l)] 1 / 2 {jjJ /JjJ }} is a rational function 
and hence, (23) is equal to the original c.f.p. multiplied by a rational function, 
as are the other c.f.p. Also in the case J± — J' Q , the situation is similar. In 
that case, (21) is equal to 

N{J' )[l + 2[(2J* + l)(2/ + l)] 1/2 {jjJo/JjJo}}~ 
N(J )N(J^[(2J + 1)(2JJ + l)] 1/2 {jj Jo/33 4}x 

iV(Jo)2[(2J + 1)(2^ + l)] 1/2 {jjJUJjJ }R (24) 

The c.f.p. of the principal parent of the original state is equal to N(Jq) 
multiplied by a rational function. The term substracted from it is equal to 
N(Jq) multiplied by the product of the rational function R and the square of a 
product of square roots. Hence, all c.f.p. of the unnormalized orthogonalized 
state are equal to the original ones multiplied by various rational functions. 
The resulting state should be normalized. It should be divided by the square 
root of the sum of squares of these c.f.p. Since the squares of the latter are 
rational, the normalization coefficient is the square root of a rational function. 
Thus, the squares of the c.f.p. of the normalized and orthogonalized state 
are rational and positive. 

The c.f.p. of the orthogonalized and normalized states are equal, apart 
from a common normalization factor, to the original c.f.p. multiplied by 
rational functions. It may happen that certain c.f.p. vanish after this pro- 
cedure. For instance, starting from a certain J , in the state with J' which 
was made orthogonal to it, the c.f.p. for J\ = J must vanish. If further 
orthogonalizaions are necessary, due to existence of more independent states 
with the same total J, It is possible to repeat the steps taken above. 

Looking at the derivations above, it is clear that not all linear combina- 
tions of states obtained from principal parents have the property considered 
here. The c.f.p. may become sums of square roots of relatively prime num- 
bers and their squares will then not be rational numbers. In fact, there are 
states whose diagonal matrix elements are not linear combinations of two- 
body energies. This may happen to eigenstates obtained by diagonalization 
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of the submatrix, with given J, of a two-body interaction. An example is 
shown at the end of this section. Naturally, it is possible to construct linear 
combinations, other than those discussed above, which have the "rational 
property" . 

Non-diagonal matrix elements have also a simple form when taken be- 
tween states sharing the property discussed here. We consider the matrix 
element (3) for n—3 taken between different states. We may take them to 
be the state obtained by antisymmetrizing the principal parent with J and 
the one obtained from the J' principal parent, orthogonalized as above. To 
calculate the non-diagonal matrix element it is possible to make use of the 
calculation of the overlap of the two states above. We start from the formula 
(3) for the special case of n=3 

< f[j ]j\m k \f[Jo}J >= 

SnjVi)jJ\}fiMJ}\jVi)jmf[Jo]J] < fJi\V\fJi > (25) 

Every term in the summation in (25) is equal to a corresponding terms in(14) 
multiplied by < j 2 Ji\V\j 2 3\ >. Every term (14) is transformed into (19), 
which is 

N(J )N(f )[(2J + 1)(2JJ + l)] 1/2 {jjJo/jj4} (26) 

multiplied by a rational function. Hence, the coefficient of < j 2 J\\V\j 2 3i > in 
(25) is (26) multiplied by a rational function. Thus, the non-diagonal matrix 
elements in the scheme of states described above, are linear combinations of 
two-body energies with rational functions multiplied by a common square 
root of a rational function. 

Before proceeding to higher values of n, it it worth-while to look at some 
simple examples in j 3 configurations. States with J—j (for n odd) and se- 
niorities v—1 of the j n configuration are obtained from principal parents with 
J = and v = in the j n_1 configuration. The seniority scheme is ex- 
plained in detail in refs.[2] and [5]. It is also reviewed in the last section of 
this paper. In the case of n=3, putting J = in (4) the following results 
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were obtained 



Lf(0)j J = j\}fv = 1J = j] = {1 + 2{jjO/jjO}N(0) = 
[(2j-1)/3(2j + 1)] 1 /2 

[j 2 (J 1 )jJ = j\}j 3 v = U = j] = 

2(2Jx + l) 1/2 O'iJi/jj0}iV(0) = -2[(2Ji + l)/3(2j - l)(2j + l)] 1 / 2 (27) 



As long as j < 9/2, there is only one state with J—j in the j 3 configuration 
and that state has c.f.p. given above. For higher values of j there are other 
states with J—j and they all have seniorities v—3. Their number is [(2j— 3)/6] 
where [x] is the largest integer not exceeding x. They may be constructed 
from principal parents with even values of Jo > and then orthogonalized 
to the v—1 state and to each other. The first part of this procedure, for any 
j, is carried out in ref.[5], Section 20, pages 396 - 398. 

The two states with J=9/2 in the j 3 configuration offer an opportunity 
to demonstrate a statement made above. Not all states have the property 
considered in this paper. There are states whose diagonal matrix elements are 
not equal to linear combinations of two-body energies. It was mentioned that 
such cases occur in diagonalization of the Hamiltonian sub-matrix defined in 
the j n configuration by the states with a given value of J. 

Consider the 2x2 sub-matrix defined by the v—1 and v=3 states with 
J—9/2. Both diagonal matrix elements V\ and V 3 are linear combinations of 
the V( J) with positive rational coefficients. The non-diagonal matrix element 
V is also a linear combination of the V( J) with rational coefficients multiplied 
by the square root of a rational function. The two eigenvalues with J=9/2 
are the roots of the quadratic secular equation 



x 2 - (V! + V 3 )x + V 1 V 3 -V 2 = 



(28) 



They are equal to 



x = -{V 1 + V 3 ± [(V, + V 3 ) 2 - 4V l V 3 + 4V 2 ] 1 / 2 } 
l -{V 1 + V 3 ±[{V 1 -V 3 f + W 2 ] 1 ' 2 } 



(29) 



12 



Both eigenvalues are sums of linear combinations with rational coefficients 
and square roots of quadratic functions of the V( J). 

In some special cases, the square root may turn out to be a linear function 
of the V(J). In the case of the J = 9/2 described above, this cannot happen. 
The v — 3 state is orthogonal to the v — 1 state whose principal parent is 
the j 2 (J\ = 0) state. Hence, the c.f.p. with Jx=0 of the v=3 state vanishes. 
Thus, in the linear combination V 3 the coefficient of V(0) vanishes. This 
coefficient vanishes also in the non-diagonal matrix element V. The term 
V\ — V3 may be expressed as a linear combination of V(0) and terms with 
V(J),J > even, c V(0) + EcjV(J). Its square is equal to c 2 V(0) 2 + 
2c V(0)T,cjV(J) + (TjCjV(J)) 2 . The term with V 2 has the form (YjdjV(J)) 2 
with no V(0) terms, and adding it cannot change the quadratic and linear 
terms in V(0). If V does not vanish, adding AV 2 to (Vi — V 3 ) 2 cannot 
yield a square of a rational function of the V(J). Hence, in the example 
considered here, the eigenvalues of a two-body interaction are definitely not 
linear combinations of the two-body energies. 

There is no contradiction between this result and (11). There, the di- 
agonal matrix element of a state is a linear combination of the V(J) with 
coefficients which are squares of the c.f.p. (multiplied by 3). The states con- 
structed in (4), as well as all states constructed in this paper, are states 
which form a basis of all states with given J. Any antisymmetric state may 
be expanded in terms of c.f.p. as in (2). The states constructed in (4), as 
well as others, are based on the use of principal parents. Hence, the c.f.p. 
are functions of the angular momenta and are independent of the two-body 
interaction. If there is only one state with given J, it is an eigenstate and 
its eigenvalue is a linear combination of the V(J). If there are several such 
states and the Hamiltonian sub-matix has non-vanishing non-diagonal ele- 
ments, this is no longer the case. Eigenstates may be expanded in terms 
of c.f.p. but the latter may well be (irrational) functions of the two-body 
matrix elements. This is indeed the case in the example shown above. 
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3 General j n configurations 



In the preceding section it was shown that for the n=3 case, states con- 
structed by antisymmetrizing principal parents have the property considered 
in this paper. Diagonal matrix elements of a two-body interaction are linear 
combinations of two-body matrix elements (energies) V(J) whose coefficients 
are rational numbers. This property is still shared by such states which were 
orthogonalized to each other. These features follow from demonstrating that 
for n—3, the c.f.p. of these states are square roots of rational functions of 
the angular momenta involved. It was shown that the normalization factor 
is a square root of a rational function. That the c.f.p. of the principal parent 
is equal to the normalization factor multiplied by a rational function. There 
is a general relation between this c.f.p. and the normalization factor. It was 
proved in ref.[2], (26.23), that 

n[j n -\a, J )jJ\}j n [a, J ]J}N(J 0: J) = 1 (30) 

In the following it will be shown by induction that these features are shared 
also by c.f.p. of states in j n configurations for n > 3. Starting from n—3 it 
will be shown that if these features hold for c.f.p. in the j™" 1 configuration, 
they hold also for c.f.p. in the j n configuration. The property considered 
in this paper, that the expectation value of a two-body interaction is then 
a linear combination of two-body energies whose coefficients are rational 
functions then follows as will be shown below. 

Consider a state of the j n configuration obtained by antisymmetrizing a 
principal parent ip(j n ~ 1 (aJo)j n J). If the result does not vanish, its c.f.p. can 
be expressed by c.f.p. of states in the j n_1 configuration. All states consid- 
ered in the following are taken to be allowed states whose wave functions do 
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(31) 



The first step in calculating the c.f.p. is to put in (31), a n -i,i = a n -i,o and 
Jn-1,1 — Jn-i,o- This leads to the result 



As in (9), the 6 j-symbol in (32) is a rational function of its arguments. If 
the squares of the n-2 — > n-1 c.f.p. are rational, as assumed for the induction, 
then the c.f.p. on the l.h.s. of (32) is indeed the square root of a rational 
function for any n. According to (30), the normalization coefficient is also a 
square root of a rational function. 

The c.f.p. of all states are given by the r.h.s. of (31) divided by n 
multiplying the c.f.p. of the principal parent. Due to (30), this amounts to 
multiplying the r.h.s. of (31) by the normalization coefficient N(J n _ifiJ n ). 
Starting from the known c.f.p. for the n=3 case, it seems that in general 
the c.f.p. {j^ian-i^Jn-^jJn^j^an-x^Jn-i^J^ is equal to a rational 
function of the various angular momenta multiplied by 



N(J n _ lfi J n )UN(J r0 J r+lfi )UN(J rl J r+lil )n[(2J r0 + l)(2J rl + l)] x / 2 x 

nA(J r0 jJ r+ i i o)nA(J r ijJ r+ i i i)A(J n _i i0 jJ n )A(J n _i i ijJ n ) (33) 



In the products in (33), Ji = Ji,i = j and r goes up to n-2. In the following, 
this form of c.f.p. will be proved by induction. Apart from the first factor, 
(33) is a product of two expressions which are the same functions of the var- 
ious J r o and the various J r \. The former define the state considered and the 



n[J n 1 (a n _i i0 J„_i,o)jV n |}j n [a n _i i0 Jn-i,o]^n] 2 
1 + (n - l)(-l) 2J( 'S(2J 0+1 ){J 2 jJ /JjJ }x 

[j 11 2 ( a n-2Jn-2)jJn-l,o\}j n 1 0-n-lflJn-lfl] 2 



(32) 
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latter, the component whose c.f.p. is selected. This feature was noticed in 
the n=3 case and is in agreement with the property of c.f.p. given by (26.21) 
of ref[2]. The various angular momenta belong to wave functions which were 
obtained by antisymmetrization of principal parents and by orthogonaliza- 
tion if necessary. The intermediate angular momenta supply the additional 
quantum numbers, denoted above by a r0 and a r ±, needed to specify the states 
considered. This will be the case for all states considered below. 

It is worth-while to point out that the form (33) is the correct one also 
for the c.f.p. of the principal parent. Putting J ri = J r0 for all r, the result is 
a rational function multiplying the normalization factor 

N(J n _ lfi J n ) = nN(J n _ lfi J n ) 2 /nN(J n _ lfi J n ) 

According to (30) this is equal to a rational function multiplying the c.f.p. 
of the principal parent. Hence, no special care should be paid to that c.f.p. 
The fact that (33) is the correct expression of all c.f.p. will be proved by 
induction with respect to n. Before doing it, let us draw some conclusions 
from the structure (33) of c.f.p. 

The first conclusion which follows from (33) is that the squares of these 
c.f.p. are positive rational functions of the various angular momenta. This 
was shown above for the c.f.p. of the principal parent and this feature is 
shared by all of them. The aim of this paper is to show for which states 
the expectation values of a two-body interaction are linear combinations of 
two-body energies with rational coefficients. When (33) will be shown to be 
correct, the answer to this question will be given. States with this property 
are those obtained by consecutive constructions from principal parents and 
antisymmetrizations. 

Another property of c.f.p. which follows from (33) is important for the 
construction of orthogonal sets of states with the same total spin J. As in the 
case of n=3, we construct such a set by choosing one state due to a principal 
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parent. If there are other such independent states, obtained from other 
principal parents, they are made orthogonal to it. The orthogonalization is 
carried out by using (13). First, the scalar product (14) is calculated, for the 
state (33) defined by J' rQ and the one defined by J r o- It is a linear combination 
and each of its terms is a rational function multiplied by 

N(J n _ 1:0 J n )UN(J r0 J r+lfi )UN(J rl J r+1A )U[(2J r0 + l)(2J rl + l)] 1/2 x 
nA(J r0 jJ r+ i i o)nA(J r ijJ r+ i,i)A(J n _i i ojJ n )A(J n _i i ijJ n )x 
N(J^_ 1:0 J n )UN(J' r0 J' r+lfi )UN(J rl J r+1A )U[(2J' r0 + l)(2J rl + 1)]V2 X 

nA(j; oJ j; +li0 )nA(j rl jj r+1 , 1 )A(j; l _ li0 jj n )A(j n _ lil jj n ) (34) 

In (34) all terms with J rl appear twice and thus contribute only to the ratio- 
nal function multiplying it. Hence, the summation over J n -i t i in (14) may 
be carried out yielding for the scalar product a rational function multiplying 

iv(j n _i )0 j„)iv(j;_ 1>0 j n )njv(j r oJ r+ i ) o)njv(j^j; +1)0 )x 
n[(2j; + i)(2j r0 + i)] 1 /2nA(j r0 jj r+1 , )nA(j; jj; +li0 )x 

A(Jn-l,ojJn)(JL-l,oj J n) (35) 

According to (13), the state with J r0 should be multiplied by the scalar 
product (35) and subtracted from the state with J' r0 which is to be orthogo- 
nalized to the other state. The factor (35) multiplied by the rational function 
is independent of J n -i,i- Multiplying it by a c.f.p. of the state with J r0 , we 
obtain according to (35) and (33), a rational function multiplying 

iv(j n _ li0 j„)iv(j;_ 1)0 j n )niv(j r oJ r+li o)njv(j^j; +li0 )x 
n[(2j; + i)(2j r0 + i)] 1/2 nA(j r0 jj r+1 , )nA(j; jj; +li0 )x 

A(J n _ li0 jJ n )A(J' n _ 10 jJ n ) x 

N{J n ^ J n )UN{J r0 J r+lfi )UN{J rl J r+hl )U[{2J r0 + l)(2J rl + 1)]V2 X 
nA(J r0 jJ r+ i i o)IIA(J r ijJ r+ i i i)A(J„_i i ojJ„)A(J„_i i ijJ„) (36) 

In (36), all terms with the various J r o are squared and may be absorbed in 
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the rational function which multiplies the following expression 
N(J^_ 10 J n )UN(J^ +lfi )UN(J rl J r+1A )x 

n[(2j; + i)(2j rl + i)] 1 / 2 nA(j; oJ j;, +li0 )nA(j rl jj r+1 , 1 )x 

A(j;_ li0 iJ n )A(J n _ lil jJ n ) (37) 



The expression (37) is identical with the corresponding c.f.p. of the state 
with J' r0 multiplied by a rational function. Hence, also the c.f.p. of the 
orthogonalized state are square roots of rational functions and have the form 
given by (33). All states with the same value of J n have c.f.p. given by 
(33). They are different by a common factor to all c.f.p. of each state 
which is a square root of a rational function. They are orthogonal to each 
other due to the different rational functions multiplying the expression (33) 
to obtain the full c.f.p. Some of these rational functions may vanish. The 
states orthogonalized in this way are not normalized and must be explicitely 
normalized. 

We turn now to the form (33) of c.f.p. of states constructed consecutively 
from principal parents and antisymmetrized. Obviously, it holds for the case 
n—3. To demonstrate that it is correct also for c.f.p. with n > 3 we use the 
recursion relation (31) for induction by n. We show that if (31) is the correct 
form for a given n-1, it holds also for n. According to the assumption, every 
term in the summation in (31) is given by a rational function multiplying 
the expression 

N(J n _ 2fi J n _ 1>0 )UN(J r0 J r+lfi )UN(J rl J r+l!l )U[(2J r0 + l)(2J rl + l)] 1/2 x 

^(^- 2l o^-i,o)niv(j^j; +li0 )mv(j rl j r+1;1 )n[(2j; + i)(2j rl + i)] 1 /^ 

nA(J r0 jV r+ i i o)nA(J r ijV r+ i ! i)A(J n _2,oiJn-i,o)A(J n _ 2 ,ijJ n _i i o)x 

nA(j; oJ v; +li0 )nA(j rU v r+lil )A(j;_ 2)0 jv;_ 1)0 )A(j n _ 2)1 jj;_ li0 )x 

{Jn-2,ljJ'n-lfll JnjJn-l,o} 

(38) 

This expression may be simplified by noting that there are several identi- 
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cal factors which may be absorbed in the rational function. Thus, we obtain 
instead of (38) the form 



UN(J rl J r+ljl ) 2 U(2J rl + l)nA(J rl jJ r+lil ) 2 x 
UN(J r0 J r+lfi )UNU 4 +h0 )U[(2J r0 + l)(2j; + 1)]V2 X 

nA(J r ojJ r+ i i0 )nA(j; o jj; +li0 ){J n _2,lJ^n-l,o/ J rJ J n-l,o}x 
A(J n _2,liJn-l,o)A(J n _2,ljJ^_ 10 ) 



(39) 



Whereas in the products in (38) r goes up to n-3, in (39) it goes up to 
n-2. Using the formula (7) for the 6j-symbol, the product 

A(J n _2aJ^n-l,o) A ( J n-2,lJ^n-l,o){^n-2,lJ^n-l,o/ J nJ J n-l,o} (40) 

in (39) becomes equal to a rational function multiplied by 



A(J n _2,ijV n _ 1 ,o) 2 A(J n _ 2 ,iJ^i,o) 2 A(^i,ojV n )A(j; t _ li0 jJ n ) (41) 



Thus the J„_2,i angular momentum appears as an argument only of rational 
functions and the summation over it can be directly carried out for all terms. 
The result of this summation is a rational function multiplied by 



According to (31), this expression should be multiplied by iV(J n _i i0 J„) and 
is then identical with (33). 

Thus, if the form (33) is correct for n-1 it is correct also for n. Since it is 
correct for n—3, it holds for any value of n. From (33) follows that the squares 
of c.f.p. obtained from principal parents and antisymmetrization are rational 
functions. According to (3), this is sufficient to guarantee that if in every 
f configuration, r < n, there is only one state with a given value of J r , the 
diagonal matrix elements have the property considered in this paper. This 
special case was discussed in the Introduction in a simpler way. Relation (3) 
becomes more complicated if there are several states with the same value of 



UN(J r0 J r+lfi )UN(J' r0 J' r+h0 )U[(2J r0 + l)(2j; + 1)]V2 X 

nA(j r0 jj r+ i i o)nA(j; jj; +li0 )A(j n _ 1)0 jj n )A(j;_ 1)0 jj n ) 



(42) 
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J. Unlike the situation in the simple n—3 case, using relation (3) for diagonal 
matrix elements in the j n configuration may well lead to non-diagonal matrix 
elements in j r configurations with r < n. Non-diagonal matrix elements are 
not given by squares of n — 1 — > n c.f.p. There is, however, a way to make 
use of the structure (33) of these c.f.p. to show that the states constructed 
in this way have the property considered in this paper. 

Any antisymmetric wave function in the j n configuration may be ex- 
panded in n — 2 — > n c.f.p. which are discussed in detail in ref.[2]. They are 
defined by 

i>(faJ) = S[j"- 2 (6J 1 )j 2 (J / )J|}j"aJ]^(j"- 2 (6J 1 )j'i n _ 1 (J>J) (43) 

Such an expansion is always possible since the wave functions on the r.h.s. 
of (43) form a complete basis for the space of j n states with given J, which 
are antisymmetric in particles 1 to n-2 and in particles n,n-l. Fully antisym- 
metric j n wave functions with given J are included in this space and hence, 
may be expanded as in (43). The calculation of two-body matrix elements 
of a scalar operator, like the mutual interaction between particles, is very 
simple if such c.f.p. are used. Since these states are fully antisymmetric, it 
is possible to calculate matrix elements of one term in the interaction, Kj >n _i 
say, and multiply the result by the number of such terms, n(n-l)/2. Thus, 
using the expansion (43), we obtain the result 

< j n aJ\EV ik \j n aJ >= n(n - 1) < fa^Vn^faJ > /2 = 
[n(n-l)/2]E[j"- 2 (&J0iVVI^^^^^ 

< i n - 2 (6Ji)j 2 (J') J|K,n-ib'"- 2 (&" Ji n )f(J n ) J > (44) 

Integration of (44) over coordinates 1 to n-2 yields zero unless J\ = J\ 
and b" = b. Since V n ^ n ~\ is a scalar operator, its matrix element on the 
r.h.s. of (44) vanishes if J" is not equal to J'. If they are equal, the two- 
body matrix element in (44) is equal to < j 2 J'\V\j 2 J' >. Hence, the matrix 
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element is given by 



< j n aJ\YV ik \faJ >= 

[n{n - l)/2]E WlJ i[j B - 2 (6J 1 )j 2 (J') J|}/*aJ] 2 < j 2 J'\Vj 2 J' > (45) 

Hence, using the n — 2 — > n c.f.p. in(43), diagonal matrix elements of a 
two-body interaction are given by the linear combination (45). In it, the 
coefficients of the two-body energies are squares of the c.f.p. multiplied 
by n(n-l)/2. The expectation value in the state \j n aJ > of a two-body 
interaction is a linear combination of two-body energies with coefficients that 
are positive rational functions if the squares of these c.f.p. are rational. 



To find out which states have n — 2 — y n c.f.p. whose squares are rational 
functions, it is convenient to express them in terms of n — 1 — > n c.f.p. This 
expression is given by (26.44) in ref.[2] as 

\j n - 2 (a n - 2 ,oJ n -2,o)j 2 (J')Jn\}j n aJn} = 

SL7' n_2 (an-2,0^n-2,o)^n-l,l|}i n_1 an-l,l^n-l,l]x 

[J n_1 (a n -i,iJ n -i,i)iJ n |}i n aJ n ]x 

[(2J n _ 1;1 + 1)(2 J' + l)} 1/2 {J n -2,0jJn-l,l/jJnJ'} (46) 

The form (33) was proved above to be valid for c.f.p. of certain states con- 
structed from principal parents. Using such states in (46), the form of their 
n — 1 — > n c.f.p. may be taken from (33). Thus, the n — 2 — y n — 1 c.f.p. 

[j n " 2 (an-2,o^n-2,o)j^n-i,i|}j n " 1 [ a n-2,i) ^n-2,1] J n -i,i] & expressed as a rational 
function multiplying 

JV(j n _ 2i iJ n _i ) i)njv(j r iJ r+ i i i)n7V(j r0 j r+ i > o)n[(2j r i + i)(2j r0 + i)] 1/2 x 

nA(J rl jJ r+ i i i)nA(J r0 jJ r+ i i o)A(J n „ 2il jJ n _i i i)A(J n _ 2) ojV n _i i i) 

(47) 

The n - 1 ->■ n c.f.p. ^^([a^!, J n _ 2)1 ] J n - 1A )j J n \}j n [J' n - lt0 ] J n \ in (46) 
can be similarly expressed, as a rational function multiplying the following 
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expression which is written in more detail than in (33) 



7V(j;_ 10 j n )n7V(j; j; +10 )n7V(j rl j r+lil )7V(j n _ 2il j n _ lil )x 
n[(2j; + i)(2j rl + i)] 1/2 [(2j;_ li0 + i)(2j n _ M + i)] l ' 2 x 
nA(j; jj;, +li0 )nA(j rl jj r+1 ,i)A(j n „ 2il jj n _i, 1 )x 



(48) 



Substituting these expressions into (46) yields for each term in the sum- 
mation a rational function multiplied by 



^(j;_ li o^n)^(^-2,l^n-l,l) 2 X UN( J rl J r+ljl ) 2 UN( J r0 J r+1>0 ) 

UN(J' r0 J' r+h0 )U[(2J r0 + l)(2j; + l)] 1/2 n(2J rl + l)x 

[(2j;_ li0 + i)(2j' + i)] 1 /2 n A(j r0 j j r+1 , nA(j; oJ j; +1i0 )x 

nA(J rl jJ r+ i i i) 2 A(J n _ 2i0 jJ n _i i i)A(J„_2,ijJ„_i i i) 2 nA(J r0 jJ r+ i i o)x 
A(j;_ 1)0 jJ n )A(J n _ 1)1 j J n )(2J n _i,i + ^{Jn^oJ^-Li/j J n J'} (49) 



Several terms in (49) are rational functions. Using the form (7) of 6j-symbols, 
the following product 

A(J„_2,ojV n _i i i)A(J^_ 10 jJ„)A(J n _ lil jJ n ){J„_ 2i0 jJ„_i i i/jJ n J / } (50) 

becomes equal to a rational function multiplying 



Thus, (49) may be expressed as a rational function multiplied by 



7v(j;_ liO j n )n7v(j rO j r+1;O )n7V(j; o j; +1)O )n[(2j r0 + i)(2j; + 1)] 1 / 2 
[(2j;_ li0 + i)(2j' + i)] 1 / 2 nA(j; oJ j; +li0 )nA(j rU j r+1>1 ) 



The summation in (46) is over J„_i 5 i which does not appear in (52) and 
hence, it appears only in the rational function multiplying it. Therefore, the 



A(^_i i ojV n )A(J n _ lil jJ n ) 2 A(J„_ 2 ,ojV„_ li i) 2 x 
A(jjJ')A(J n _ 2>0 J'J n ) 



(51) 



A(J' n _ 1:0 jJ n )A(jjJ')A(J n _ 2:0 J'J n ) 



(52) 
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summation over it in (46) can be simply carried out yielding another rational 
function multiplying the expression (52). 



Thus, the n — 2 — > n c.f.p.[j n ~ 2 (a n _ 2 flJn-2,o)j 2 (J')Jn\}j n aJn] is the square 
root of a rational function and its square is a rational function. According to 
(45), the expectation value of a state with these c.f.p. of a two-body interac- 
tion is a linear combination of two-body energies with rational coefficients. 

The n — 2 — > n c.f.p. obtained above, may be used to derive expressions 
of non-diagonal matrix elements of a two-body interaction. Instead of (45), 
such non- diagonal elements are defined by 



Only non- vanishing terms are written on the r.h.s. of (53). The expression 
(52) is taken to be the non-rational factor in the c.f.p. of the state a. The 
c.f.p. of the state a' is the same expression in which J' r0 is replaced by 
J r o" ■ All angular momenta J r o which define the|j ra_2 6J ra _2,o >, as well as J', 
appear in the same expressions in both c.f.p. and hence, contribute in (53) 
only rational functions. Each term in the summation in (53) is thus equal to 
a rational function multiplying the expression 



The factor of V( J')in (54) is a common factor of all terms in the summation 
in (53). Hence, the non-diagonal matrix element (53) is a linear combination 
of two-body energies whose coefficients are rational functions multiplied by 
a common, J' independent factor. The square of this factor as seen in (54) 
is a rational function of the angular momenta involved. 



< j n aJ\AV ik \j n a'J>= 
[n{n - l)/2]E[7»- 2 (&J 1 )j 2 (J') J\}j n aJ]x 
^{bJ^iJVWfa'J] < fJ'lVff > 



(53) 



N{J' n _ lfi J' n )N{J n ^/ J n )UN(J^J' r+lfi )UN(J^ J r+1 , " ) x 

n[(2j; + i)(2j r0 " + i)] 1 / 2 nA(j; oJ j; +li0 )nA(j r0 "jj r+1 , ")x 




(54) 
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4 The seniority scheme 



The seniority quantum number v measures in some sense the amount of 
pairing of particle pairs in J=0 states. In the seniority scheme, states are 
eigenstates of the pairing interaction defined by 



The eigenvalues of this interaction in the j n configuration are equal to 



Thus, loosely speaking, v is the number of unpaired particles. There is a 
very large class of interactions, not just the pairing interaction, which are 
diagonal in the seniority scheme. Also for general interactions, the seniority 
scheme is a convenient one to use. Here, this scheme will be discussed only 
in relation to the theme of the paper. The aim is to see which of the states 
of this scheme have diagonal matrix elements which are linear combinations 
of two-body energies with rational coefficients. 

According to (56), states with seniority v in the j v configuration have 
no J=0 pairing. States with the same seniority in higher configurations are 
obtained by starting from those states, adding (n — v)/2 pairs with J=0 
and antisymmetrizing. Adding one particle to a state with seniority v and 
antisymmetrizing, the state obtained has seniority v+1 or v-1. It may also 
be a linear combination of states with both seniorities. The state with no 
j-particles has seniority v=0 whereas the one particle state, with J—j, has 
v—1. States with two particles have states with J—0, v=0 or J >0, even 
and seniority v—2. 

Consider a state in the j n configuration, n < 2j even with J=0 and v—0. 
Adding one particle to this principal parent, a state with J—j and v—1 is 
obtained. A state, with n < 2j+l odd, with J = j, v—1, is a principal 
parent of a J—0, v=0 state. Hence, such states have the property considered 
in this paper. The expectation values of any two-body interaction of states 



< fJM | q 12 | j 2 JM >= 5 J0 S M0 (2j + 1) 



(55) 




(56) 



24 



with lowest seniorities, v=0 or v—1, are given explicitly by (30.1) ref. [2] or 
(20.13) ref. [5] as 



where [n] is the largest integer not exceeding n. In (57), a and b are linear 
combinations of the V(J) which appear only in two linear combinations 



V = V{J = 0) and V 2 = E(2J + 1)V(J)/E(2J + 1) J > 0, even 



a = {(2j + 2)V 2 - V }/(2j + 1) b = (2j + 2)(V - V 2 )/(2j + 1) (58) 



In the case of an interaction which is diagonal in the seniority scheme, 
the expressions (57) are the eigenvalues of these states. Unlike the cases of 
j <7/2, there are no closed formulae for diagonal matrix elements of states 
with higher values of v. Similar expressions exist only for the average values 
of diagonal matrix elements of all states with given v in the j n configuration 
v = n, n—2, .... It will be shown, however, that states of the seniority scheme 
may be constructed from principal parents, antisymmetrizations and orthog- 
onalization if necessary. As shown in the preceding section, this guarantees 
that they have the property considered here. Diagonal matrix elements of 
a two-body interaction of states in the seniority scheme, constructed as ex- 
plained above, are linear combinations of two-body energies with rational 
coefficients. 

In the j 2 configuration, the J=0 state has seniority v=0 as mentioned 
above. The other antisymmetric states have even values of J >0 and seniority 
v—2. As mentioned above, adding a j-particle to a principal parent with J=0, 
v—0, the state j n J = j with seniority v—1 is obtained. Since n-v is always 
an even integer, adding a j-particle to a state with seniority v in the j n 
configuration (and antisymmetrizing) yields a state of the j n+1 configuration 
with seniority v+1 or v-1 or both. The added particle either completes a 




(57) 



The coefficients a and b are given by these combinations as 
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J=0 pair in which case the seniority is reduced or destroys a J=0 pair which 
raises the seniority. 

If a j-particle is added to a principal parent with J > 0, v—2, the state 
obtained has v=3 if J ^ j. If a state with J = j is constructed, it is a linear 
combination of states with seniorities v—1 and v—3, if there is a state with 
J = j, v=3 in the j 3 configuration. Such a linear combination will have a 
non-vanishing c.f.p. [j 2 (v = 0, J = 0) J = j\}j 3 J = j]. The J = j, v—1 state 
obtained earlier, may be projected out by adding it with a coefficient that 
was defined by (13). The remaining state will be a pure J = j, v=3 state, 
orthogonal to the J = j, v—1 state. This procedure was described in detail in 
the preceding section. If there are several J = j states in the j 3 configuration, 
they may be constructed from several principal parents. They should then 
be orthogonalized to the J = j, v—1 state and among themselves. 

This procedure may be carried out in any j n configuration. If n is even, 
the steps described above may be taken. States with seniorities v—A to 
which a j-particle is added, may be used to construct v=5 states or linear 
combinations of v=3 and v=5 states. In that case, the components with v=3 
may be projected out by using the v—3 states constructed in the preceding 
step. At the end, states with seniority v = n may be used to construct states 
with seniorities v = n+1 in the j n+1 configuration. 

If n is odd, the state with J = j, v—1 may be used to construct a 
state with J=0 which has seniority v—0, there are no states with J=0 and 
v—2. States with seniority v=2 may be constructed from the same J = 
j, v—1 state by coupling an additional j-particle to obtain a state with 
2j > J > 0, even. From states with v—3, states with v=4 may be obtained. 
If a linear combination of v=2 and v—A is obtained, the v—2 components may 
be projected out by using v=2 states obtained earlier. This procedure may be 
further carried out until all states in the j n+1 configuration are constructed. 
They all have well defined seniorities and their diagonal matrix elements have 
the property described in this paper. 
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An example of the procedure described above is offered in ref.fl]. The 
authors calculated the eigenvalues of J =2 and J=4 states with seniority v=A 
in the (7/2) 4 configuration. They found that the coefficients of two-body 
energies in both cases are rational numbers. In that configuration, there are 
also J =2 and J=4 states with seniority v—2. The latter may be obtained 
from the state in where a 7/2 particle is coupled to the principal parent 
with J=7/2 in the (7/2) 3 configuration. There is only one such state in that 
configuration and hence, it has seniority v—1. The J=2 and J=4 states 
obtained from it have seniority v=2 since the only state with v =0 has J=0. 
The other J=2,4 states must be obtained from another principal parent. 
In that one, a 7/2 particle should be coupled with any v=3 state in the 
(7/2) 3 configuration. From the resulting states, the v =2 components should 
be projected out as described above. Hence, the v=4 states are examples of 
states which have the property considered in the present paper. 

A more complicated situation occurs in the (9/2) 4 configuration consid- 
ered in ref.[l]. In that case there are 3 states with J=4 and 3 states with 
J=6. One of the J=4 (and J=6) states has seniority v=2 and may be con- 
structed from a state where a 9/2 particle is coupled to the J =9/2, v=l 
state. One of the remaining J=4 states may be constructed from a principal 
parent with J=9/2, v=3 coupled to a 9/2 particle. The resulting state, \a>, 
is a linear combination of J=4, v=4 and J=4, v=2 states. Another inde- 
pendent J=4 state, \b>, may be constructed from another principal parent 
with v=3 and is also a combination of v=4 and v=2 states. The J=4, 
v=4 states which are discussed in ref.[l] may be obtained as follows. First, 
the state \b > is orthogonalized to state \a > as indicated by vanishing of 
the c.f.p. [(9/2) 3 (J = 9/2, v = 3)(9/2)J = 4|}(9/2) 4 6J = 4] of the or- 
thogonalized \b > state. Then, from both states the J=4, v=2 components 
are projected out leaving them as pure v =4 states. In each resulting state 
the c.f.p. corresponding to that of the principal parent of the v=2 state, 
[(9/2)3(J = 9/2, v = 1)(9/2)J = 4|}(9/2) 4 J = 4], vanishes. It follows that 
these v=4 states have the property considered in this paper. The same ar- 
guments apply also to the J=6, v=A states. Their diagonal matrix elements 
are linear combinations of two-body energies with rational coefficients. 
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5 Summary 



In the present paper, matrix elements of a two-body interaction between 
states of j n configurations were considered. The two-body interaction is 
taken to be a perturbation and hence, only the sub-matrix of the Hamilto- 
nian, defined by states of the j n configuration, is considered. The matrix 
elements are functions of two-body energies V(J) =< j 2 JM\V\j 2 JM >. 
There are states whose expectation values (diagonal matrix elements) are 
linear combinations of the V(J) with positive rational coefficients. In this 
paper, it was shown that this is always the case for states which are the 
only ones with given J in the j n configuration considered. Such states are 
eigenstates of the sub-matrix considered. 

When there are several states with the same value of J, the situation is 
more complicated. It was shown above that it is possible to construct in 
such complete basis of states which have this simple feature. The 

diagonal matrix elements of these states are linear combinations of the V( J) 
whose coefficients are positive rational numbers. The construction of these 
states was carried out by using coefficients of fractional parentage (c.f.p.). 
These are obtained by starting from states of the j 3 configuration which serve 
as principal parents. This procedure is repeated by adding more particles 
until the j n configuration is reached. In every step, orthogonalization (and 
normalization) of the states thus obtained, is performed. It was shown that 
the squares of the c.f.p. are rational functions of the angular momenta used 
in the construction and hence, are independent of the particular two-body 
interaction. 

It was shown that states of the seniority scheme form bases of this kind. 
If the interaction is diagonal in the seniority scheme, non-diagonal matrix 
elements between states with different seniorities vanish. This, however, is 
not true for the most general two-body interaction. In any case, there are 
usually non- vanishing non-diagonal matrix elements between states with the 
same seniority v and the same spin J. Irrespective of the nature of the basis 
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states for a given value of J, they define a sub-matrix of the Hamiltonian. 
This sub-matrix should be diagonalized in order to find the eigenstates and 
corresponding eigenvalues. 

The eigenstates are linear combinations of the basis states but the coef- 
ficients strongly depend on the eigenvalues. The latter are functions of the 
V( J) but are usually far from linear functions. The eigenvalues are the roots 
of the secular equation whose degree is limited only be the order of the sub- 
matrix. The eigenstates may be expanded in terms of c.f.p. but unlike the 
basis states constructed in this paper, their c.f.p. are functions of the V(J). 

It is convenient to use the basis states to set up the sub-matrix to be 
diagonalized. In addition to the rather simple structure of diagonal elements, 
also the non-diagonal elements have a simple structure. Each is a linear 
combination of the V(J) with rational coefficients multiplied by a factor 
which is the square root of a rational function 

From the discussion above, a simple conclusion follows that states with 
the rational property are the exception rather than the rule. In any given 
j n configuration, states which are the only ones with a given value of J are 
rather rare. They may be found among the states with the highest values of 
J (certainly the state J = nj — n(n — l)/2) as well as among those with the 
lowest J values. 

Still, there may be special cases like those mentioned in ref.fl]. In the 
case of j = 7/2, the non-diagonal matrix element of any two body interaction 
between the J =2 states with v=2 and v=A vanishes. The same is true also for 
the v—2 and v=A states with J=4. This follows from general properties of the 
seniority scheme. More surprising is the fact that in the (9/2) 4 configuration, 
there is a i>=4, J=4 state whose matrix element of any two-body interaction, 
vanishes not only with the v—2, J=4 state but also with the orthogonal v=4, 
J=4 state. Its eigenvalue is a linear combination of two-body interactions 
with positive rational coefficients as given in ref.[l]. The same situation 
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occurs also for the corresponding J=6 states. 
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